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Abstract 
We answer a question of Alas, TkaEenko, Tkachuk, and Wilson by constructing a metrizable 
space with no compact open subsets which cannot be densely embedded in a connected metrizable 
(or even perfectly normal) space. We also obtain a result that implies that every nowhere locally 
compact metrizable space can be densely embedded in a connected metrizable space. 0 1998 
Elsevier Science B.V. 
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0. Introduction 
A space Y is called a connectijication of a space X if X is dense in Y and Y is 
connected. It is easy to see that if X has a proper compact (or H-closed) open subset, 
then X has no Hausdorff connectification, but there seem to be no other obvious general 
conditions which preclude Hausdorff spaces from having connectifications which are 
Hausdorff, or which have stronger separation properties if the space in question has them 
too. Van Douwen [2] briefly discussed the question of when a Tychonoff space has a 
connected compactification, which is equivalent to having a Tychonoff connectification, 
and gave an example of a nowhere locally compact Tychonoff space with no Tychonoff 
connectification. In the same paper he conjectured that the familiar Sorgenfrey line, while 
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of course very nice in terms of separation and covering properties, has no Tychonoff 
connectification; this was later shown to be the case by Emeryk and Kulpa [4]. 
Watson and Wilson [9] gave the first systematic study of when spaces have a Haus- 
dorff connectification. They gave an example of a Tychonoff space with no Hausdorff 
connectification, and gave some sufficient conditions for a Hausdorff connectification to 
exist. In particular, they showed that every metrizable nowhere locally compact space 
has a Hausdorff connectification, and asked if this is true for any metrizable space with 
no compact open sets. This was recently answered positively by Porter and Woods [8]; 
it should be noted that their technique does not necessarily produce a connectification 
with higher separation properties (e.g., Tychonoff). Alas et al. [l] then showed that every 
separable metrizable space with no compact open sets has a metrizable connectification, 
and asked if this is true in the nonseparable case as well. 
In this paper we answer the question of Alas et al. in the negative by constructing a 
metrizable space with no compact open sets which does not have a metrizable, or even 
perfectly normal, connectification. We also obtain the following partial positive result: if 
a metrizable space X can be embedded in a metrizable space Y such that every nonempty 
clopen set in X has a limit point in Y \ X, then X has a metrizable connectification. 
An easy corollary is that nowhere locally compact metrizable spaces do have metrizable 
connectifications, which improves the result in [9] mentioned above, and by our example 
is in some sense a best possible positive result. The result of Alas et al. for the separable 
case is another easy corollary. 
Our example does have a Tychonoff connectification, so the following question, also 
stated in [ 11, remains open: does every metrizable space with no compact open sets have 
a Tychonoff connect$cation? 
1. Counterexample 
We first prove a lemma which says that a metrizable space satisfying certain conditions 
will not have a metrizable, or even perfectly normal, connectification. Then we construct 
a metrizable space (with no compact open sets) satisfying those conditions. 
Lemma 1.1. Suppose X contains a closed subspace G and a collection R of disjoint 
(from each other and from G) clopen locally compact noncompact spaces (e.g., copies 
of the real line) such that: 
(i) every point in G has a neighborhood N such that N fl R is compact for every 
R E R; 
(ii) whenever U is a countable collection of open sets covering G, some finite subcol- 
lection of U covers some member of R. 
Then X has no petiectly normal connectljkation. 
Proof. Suppose Y is connected and contains X as a dense subspace. For each R E R, 
choose a point y(R) E x n (Y \ X). Let YO = {y(R): R E R}. Note that by (i), 
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K n G = 0. If Y were perfectly normal, then G would be contained in a countable 
collection U of open sets (in Y) whose closures miss Yo. By (ii), there would be a finite 
subcollection V of Lf and an R E R such that R c U V. But then y(R) would be in the 
closure of some member of V, contradiction. 0 
Example 1.2. There is a me&able space with no compact open sets which has no 
perfectly normal connectification. 
Proof. Let G be a complete graph on c+ vertices, where c denotes the cardinality of the 
continuum, and where we think of a point of G as being either a vertex of G or a point 
in the interior of one of the edges of G. Define the distance between any two vertices 
of G to be 1, and extend this distance function in a natural way to all of G, thinking of 
the edges as having unit length. 
Denote the set of vertices of G by V, and let Z be the integers. For every injection 
f : Z + V, and every k E w, let R~,J be a copy of the real line. We think off as coding a 
bi-infinite path in G, naturally homeomorphic to the real line, and we are taking countably 
many copies of each such path. Indeed, let Pf denote the path in G corresponding to f, 
and fix the natural homeomorphisms hk,f : Rk,f + Pf such that &f(i) = f(i). Let R 
be the collection of all of the R~,J’s. 
Let X = GU (U 72). Define a neighborhood of a point in any R E R to be a usual real 
line neighborhood. If p E G, let B(p,n) = {z E G: cl@, z) < l/2”} be the (1/2n)-ball 
about p in G, and define the nth open neighborhood of p in X to be 
In other words, we get B(p, n)* by adding to B(p, n) the open interval in R~,J corre- 
sponding to the trace of B(p, n) on Pf, for every bi-infinite path Pf containing p and 
for every k 3 n. 
It is easy to check that X is regular. Note that the collection {B(p, n)*: p E A} is 
discrete if either A = V and n > 1, or, for some E > 0, A contains one point from each 
edge and this point is at least E away from the nearest vertex and 1/2n < E. It easily 
follows that X has a a-discrete base, hence is me&able. 
Suppose that {Un}n~w is an open cover of G. Given an edge e, by compactness there 
is n(e) E w such that e c UiCnCej Ui. By compactness again there is a finite subset F 
of e and integers {n,: IZ: E F} such that each B(z! nz)* is contained in UiCnCe) U, and 
{B(z, n,): z E F} covers e. Now using the Lebesgue covering theorem we see that there 
is a single integer m(e) such that for every z E e we have B(z, m(e))* c lJiCnCej U,. 
The correspondence e H (m(e), n(e)) partitions the edges of this complete graph of 
(2”)+ vertices into countably many pieces. By the ErdBs-Rado theorem [5], there is an 
infinite (even uncountable, but this is not needed) subset W of V and integers mo, no 
such that m(e) = mo and n(e) = no for each edge e with endpoints in W. Let f be any 
injection of Z into W. Then if k > mo it follows that R~,J c UzCno Vi. That completes 
the proof. 0 
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Remark. It is easy to see that the space X just constructed does have a Tychonoff 
connectification, the Stone-Tech compactification of which would be a normal connec- 
tification. Let B be any base for X such that 
(i) cl(B n R) is compact for every R E R; 
(ii) for each B E B there is B’ E 13 with cl(B) c B’. 
(E.g., the collection of all open sets satisfying (i) would satisfy (ii) as well.) Add a point 
co to X, declaring the complement of the closure of any finite union of members off? to 
be a neighborhood of co. It is easy to check that X U {a} is connected and Tychonoff. 
2. A positive result 
In this section, we prove a theorem (Theorem 2.2) from which it easily follows that 
every nowhere locally compact metrizable space has a met&able connectification. The 
result of Alas et al. [l] that every separable metrizable space has a metrizable connecti- 
fication is another easy corollary of our theorem. 
We first establish the following lemma. 
Lemma 2.1. Let Z be a metrizable space with metric d, and let D = UnEw D, satisfy: 
(1) each D, is closed discrete; 
(2) d(D,, Dm) 3 l/2” ifn > m; 
(3) D, = U{D;: Q: < K.,}, where diam(DE) < 1/2n-3; 
(4) d(D,“, DE) > 1/2n for all Q # p E K~. 
Let {z;: (Y < K,~} be a collection of distinct points not in Z. Let 
Z* = (2 \ D) U (2,“: CI: < K~, n < w) 
and define f : Z -+ Z* by: 
(5) f t (Z \ D) = id; 
(6) 0,” = f-‘(z,“). 
Then there is a metrizable topology on Z* such that f t (Z\ D) is a homeomorphic 
embedding. 
Proof. We need to define the topology on Z’ so that everything works. Let Nk(D,Q) = 
U{B(x, 1/2n+“): z E DE}, where B(z,E) = (2 E Z: d(z,z) < E}. Note that by (2) 
and (4), 
(7) Nk(D:) \ DE misses Dj for all j < n + k. 
Also, since diam(D,“) < 1/2”-3, we see 
(8) diam(l\io(DE)) < 1/2”-3 + 2(1/2%) < 1/2”-4. 
Call an open subset U of Z fall if whenever U n 0,” # 0, then there exists Ic E w 
with Nk(D,“) c U, and furthermore Ic = 0 for all but finitely many such D,*. Define V 
to be basic open in Z* iff f-‘(V) is open and full. The collection of open full sets in Z 
is clearly closed under finite intersections, so the collection of such V’s in Z* is a base 
for a topology on Z’, and f is a continuous mapping. 
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Given an open set U c 2, define an open and full set U* > U as follows. Let Ut = U, 
and let 
U* nfl = U; u u {No(D;): 0% n U; # 0}. 
Then U* = UnEw U;. 
Since No(Dg) n D, = 0 whenever n < m, 
No(Dg) n D, = 0% and diam(No(DE)) < 1/2m-4, 
it follows that if U n (&, 0%) = 0, then any point in U; is within 1/2n-3 of U,J = U, 
any point in U-J is within 1/2”-2 of UT, and so on. Thus we have: 
If U n Uic, Di = 0, then any point in U* is within 1/2n-4 of U. 
From (*) we see that: 
(*> 
(9) If 0 is open in 2 and y E 0 \ D, then there is an open full set containing y and 
contained in 0. 
It follows that f 1 (2 \ D) . 1s a h omeomorphic embedding of 2 \ D into Z*. 
Let Nk+(Dg) = 0% U (Nk(Dg) \ DE)*. Then {N,*(DE): k E u} is a collection of 
open full sets. By (7) and (*>, for each 12 E w there exists k > VIZ such that NC (Dh) c 
N,(Dg). It follows that the images under f of the N,*(Dg)‘s for k E w form a base at 
the point z,” in Z*. 
We use the Moore metrization theorem (see, e.g., [3, Chapter 51) to prove that Z* is 
metrizable. Let 
.13, = {W*: W is open in 2 and diam(W*) < l/2”} 
u {N,*(D;): m E w, cy < K~, and N,*(D$ c N,(DE)} 
Let f(&) = {f(B): B E Z?,}. Let p E V C Z’, where V is open. Then U = f-‘(V) 
is open and full in 2. 
We need to show that there is an open set 0’ in Z* containing p and n E w such that 
st(O’, f (a,)) c V. Translated in 2, this means we need to find an open full set 0 in 2 
containing q = f-‘(p) such that st(0, a,) c U. 
Case 1. p $! f(D). Then q = p. Find E > 0 such that B(~,E) c U. By (8) we can 
find k E w such that diam(Na(D9)) < &/2 if j b k; we may also assume l/2’” < e/2. 
Since d(p, Uiclc Di) > 0, it follows from (7) that there is an open set W containing p 
and n > k such that N,(Dg) n W = 0 whenever m < k. Now let 0 be an open full 
set containing p and contained in W n B(p, e/2). Then st(0, a,) c B(p, E) c U. 
Case 2. f-‘(p) = 0%. There is j E w with N3(Dg) c U. Now Case 2 follows in 
a similar way as Case 1, observing that by (4), d(Dg, (Uick Di) \ Dg) > 0 for any 
kEw. q 
Theorem 2.2. Suppose a metrizable space X can be densely embedded in a metrizable 
space Y in such a way that every clopen set in X has a limit point in Y \ X. Then X 
has a metrizable connect$cation. 
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Proof. Let de be a metric on Y such that diam(Y) < 1. We shall first define a certain 
sequence {En},,, of closed discrete subsets of Y \ X, and “resolve” the points of 
E = U&J E, into intervals. 
Choose a point ee E Y \ X and let E. = {eo}. Next, let El be a maximal subset of 
Y \ (X U Eo) such that da (e, e’) 3 l/2 for all e # e’ E El. Define a continuous function 
fo : Y \ EO + [0, l/2] satisfying the following conditions: 
(a) fa(U) is dense in [0, l/2] for every neighborhood U of ee; 
(b) fo(E,) = {l/2). 
Define a new metric d] on Y \ EO by dl (y, y’) = do(y, y’) + ]fo(y) - fo(y’)]; note that, 
by continuity of fa, dl is equivalent to da on Y \ Eo. 
Now let E2 be a maximal subset of Y \ (X U Eo U El) such that dl (e, e’) 3 l/4 
for each e # e’ E E2. Let us notice that E2 is closed discrete in Y. It clearly is closed 
discrete in Y \ EO (i.e., where dl is defined). We claim that ee E EO cannot be a limit 
point of E2. Suppose otherwise, and consider a sequence yo, YI, . . in E2 converging 
to ea. Some subsequence of fo(ya) , fo(yll ), . . converges to some point in the interval 
[0, l/2]. But then the points yn corresponding to this subsequence get arbitrarily near 
each other in metric dl, contradiction. 
Now define a continuous function fl : Y \ El + [0, l/4] satisfying the following 
conditions: 
(a) fi (U) is dense in [0, l/4] for every neighborhood U of each point e E Et ; 
@I h(Eo) = (0); 
Cc) f1(E2) = {l/4}. 
Similarly define d2 on Y \ EO U El by 
d:!(y,y’) =~I(Y,Y') + If,(y) -~I(Y'>) = ~O(Y,Y’) +&if&d -fi(Y'>I. 
i=o 
Suppose Ei and di have been defined for i < n, and fi for i < n. Let En+, be a maximal 
subset ofY\(XUEoUEIU...UE,) such that d,(y,y’) 3 l/2”+’ forally # y’ E En+,. 
Let us check that En+1 is closed discrete in Y. Since d, is equivalent to do on Y \ (Eo U 
El U. . .U En- 1) , we need only see that no point of Ei , i < n, can be a limit point of En+ 1. 
Suppose otherwise, and consider a sequence ya, y] , . . . in En+1 converging to e E Ei, 
where i < n. For j < n, j # i, the sequence fj (ye), fj (y,), . . converges to fj (e), since 
the function fj is continuous on Y \ Ej. Also, some subsequence of fi(yo), fi (yl ), . . . 
converges to some point in the interval [0, 1/2i+1]. Then the points yn corresponding 
to this subsequence get arbitrarily near each other in metric d,, contradiction. Define a 
continuous function fn : Y \ En satisfying the following conditions: 
(a) fn(U) is dense in [0, l/2n+‘] for every neighborhood U of each point e E En; 
(b) fn(Ei) = 0 for i < n; 
cc> fn(En+l) = {l/2"+'). 
Similarly define &+I on Y \ (Eo U El U . . U En) by 
d,+](y,y’) = &(y,Y’) + Ifn(Y) - fn(Y’)( = h(Y,Y') +e lfi(y) - fi(y’>l. 
i=o 
G. Gruenhage et al. / Topology and its Applications 82 (1998) 171-179 177 
Let E = UnEw En, and consider the homeomorphic embedding 
L: Y \ E a Y x [0,1/2] x [0,1/4] x 
defined by 
y 4 (YY, fO(Y)> fl(YL.. ‘>. 
For each e E En, n E w, let 
r(e) = {(e, fo(e), . . . , fn-2(e), fn-l(e) = 1P)) x [O: l/2”+’ 
and let 
Z=L(Y\E)U (U I(,,>. 
eEE 
We first check that 2 c L(Y \ E) (in fact, 2 = L(Y \ E), but we do not need this). 
To this end suppose e E En and Q E [0, l/2n+‘]. Since X is dense in Y and e E Y \ X, 
and since fn(U) is dense in [0, 1/2n+‘] for every neighborhood U of e, we can choose 
zi E X, i E w, such that zi + e and fn(zz) 4 cy. Then 
L(G) -+ (e,fo(e), . . ,fn--l(e),Q,O,O,. . .). 
Let the distance d on 2 be the coordinate-wise sum. We proceed to define closed 
discrete sets DO, Dt , . satisfying the conditions of Lemma 2.1. First, for e E En, let 
e- = (e,fo(e),. . . ,fn-2(e), lP,O,O,. . .), 
e+ = (e, fO(e), . . . , f+z(e), l/2”, 1/2n+1 ,O,O, . . . >. 
Let Da = {e,}, and for n > 0 let 
D, = (e+: e E En_,} U {e-: e E En}. 
Note that each D, is closed discrete in 2, since the projection rre onto the first coordinate 
maps D, one-to-one and onto the closed discrete set En_, U E, in Y. Note that each 
point of D, has l/2” as its last nonzero coordinate, which is the nth coordinate, hence 
d(D,, I&) 2 l/2” whenever n > m. 
We need to define partitions of the D,‘s. For n < 1, take the trivial partition of 
D,. We partition D, for 7~ > 1 as follows. For y E En, by maximality of En_,, 
dn-z(y, En_,) < 1/2n-‘. If there is y’ E En_, such that dn_2(y, y’) < 1/2n, choose 
one and call it x(y); otherwise, let x(y) be any member of En_1 with dn_2(y, x(y)) < 
l/2”-’ . For each e E En_,, let 
DE = {e’} U {y-: x(y) = e}. 
Then {DE: e E 19,-t } is a partition of D,. 
We show diam(Dg) < 1/2n-3. If y, z E En and X(y) = x(z), then, by the definition 
of y- and the fact that ran(f%_z) c [0, l/2+‘], we see that 
n-2 
d(y-,z-) = do(y,z) + c Ifi - fi(4l = dn-dyl, 2) + ]&-2(~l) - h-2(4 
i=o 
< 2(1/29 + 1/2n-’ < 1/2n-3. 
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Also note that d(y-, ef) 6 d,_z(y, e) + l/2”-’ < l/2”-‘. 
We show that if e # f E E,_l, d(DE, 0;) 2 1/2n. Let y, z E E, with x(y) = e and 
X(Z) = f. We see similar to above that d(y-, Z-) = d,_l(y, Z) > l/2” by definition 
of E,. Similarly, d(e+, f+) = &_z(e, f) > l/2”-‘. It remains to check d(e+, Z-). 
Suppose d(e+,z-) < 1/2n. Then d,_z(e,z) < 1/2n, and so by definition of x(z), 
&_z(z, f) < 1/2n. It follows that dn_z(er f) < l/2+‘, contradiction. 
Let 2’ and f : 2 -+ Z* be as in Lemma 2.1. Since X is dense in Y and contained in 
Y \ E, L(X) is a dense copy of X in Z*. So it remains to prove that Z* is connected. 
Suppose U, V is a clopen partition of Z*. Note that f(UeEE I(e)) is connected by the 
identifications made, so we may assume f(lJ,,, I(e)) c V. By the assumption on Y, 
there is a point y E Y \ X such that y is in the closure of (f o L)-‘(U) fl X. 
Suppose y E E,. Choose a sequence of points ZO,Z~,. . . in (f o L)-‘(U) f? X 
converging to y. We may assume that fn(20), fn (~1)) . . converges to a number 
Q E [0,1/2”+‘]. Then the point (y, fo(y), . . , f+~(y), a,O,O, . . .) in I(y) is a limit 
point of L(Q), L(zl), . . . . But then f(l(y)) f? U # 0, contradiction. 
Suppose on the other hand that y $! E. Then by maximality of the E,‘s, there are 
e, E E, with d,_l(y, e,) < 1/2n. It follows that e<,el,. . . converges to L(Y) in 2. 
Hence 
f(4Y)) E f ( u I(e)) c v, 
eEE 
contradiction. That completes the proof. 0 
Corollary 2.3 [ 11. Every separable metric space X with no compact open subsets has 
a metric connectification. 
Proof. Let Y be any metric compactification of X; then X and Y satisfy the hypotheses 
of Theorem 2.2. q 
Corollary 2.4. Let X be any nowhere locally compact metric space. Then X has a 
metric connectijication. 
Proof. It is not difficult to see that one can add a a-discrete set of points to a nowhere 
locally compact metrizable space X, obtaining a metrizable Y such that Y \ X is dense 
in Y. Alternatively, one can quote [6, Lemma 21 which says that there is a metrizable 
space Y containing X such that both X and Y \ X are dense in Y. In any case, X and 
Y satisfy the hypotheses of Theorem 2.2. 0 
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